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IN HISTHESIS [3], Farrell found obstructions to the existence of a fiber bundle map homotopic 
to a given smooth map to the circle. This paper gives similar obstructions to the uniqueness, 
up to isotopy, of such a fibering. Farrell’s obstructions involve the K,, and K, groups of the 
fiber; these involve the Ki and K, groups. In [9], Laudenbach studied the case 
Wh, (rrl (fiber)) = 0. As his main construction does not generalize, the methods used here are 
completely different. The techniques are analogous to a combination of those of [3] and [l 11, 
wherein Siebenmann offers a refinement of Farrell’s obstructions. In [2], Chapman and Ferry 
offer similar obstructions for Hilbert cube manifolds. 
Let E be a closed smooth manifold of dimension greater than 5, and fix a smooth 
submersion p: E + S’ with fiber F = p- ‘(1). E may be expressed as the quotient space 
F x I j (x, 0) - (4 (x), 1) for some diffeomorphism $J on F. 4 is called the glueing map for p. We 
consider the pointed set Yp(E) ofsmooth submersions p’: E --+ S’ homotopic to p, defined up 
to isotopy. A retraction of SPp(E) onto its subset %!‘Yp (E), the subset of relaxed submersions, 
is defined in $2. This nomenclature is used in analogy with the relaxation defined by 
Siebenmann in [ll]. The subset aYp(E) is of interest since it fits in the exact sequence of 
pointed sets: 
YP(E) 
9(F) k.k g(F) A gyp(E) 1 Wh,(z,(F)) 3 Wh,(nl(F)) 
where 9’(F) denotes the group, under composition, of pseudoisotopies on F, modulo the 
equivalence relation given by isotopy. The exactness of this and a related sequence is shown in 
93. 
There are three obstructions to a submersion P’E Yp(E) being isotopic to p. The first, 
denoted by h,,, is a canonical pseudoisotopy from p’ to its relaxation r(p’), constructed in 
Theorem 2.1. This may be thought of as determining whether F ‘, the fiber of p’, is inextricably 
knotted with F, the fiber of p. The second obstruction, j(p’) from the sequence above, is the 
obstruction to isotoping F’ to F. If both of these vanish, a third obstruction is defined by 
noting that, in this case, p’ is the image of some g E 9 (F) under r. Our main theorem is: 
THEOREM 4.3. Let E” be a closed connected smooth manifold; n 2 6. Let p’: E + S’ be a 
smoothjibering homotopic to p, ajxedjbering withfiber F. p’ is isotopic to p iff the following 
three conditions hold: 
(1) 
(2) 
(3) 
h,, = 0 in P’(E) 
B(P’) = 0 in Wh, (7~~ (0) 
g = 0 in P(F)/Image (1 - 4,). 
. 
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$1. DEFINITIONS; HOMOTOPY IMPLIES CONCORDASCE 
Throughout, we let E be a compact connected smooth (CT) manifold. I denotes the unit 
interval [0, 11, and S’ the unit circle. Let p. and pI be smooth submersions of E to S’. 
Definition. A concordance from p,, to p1 is a submersion p: E x I + S’ such that 
p(x, i) = pi(x) for i = 0, 1 and all XE E. 
Definition. A pseudoisotopy from p,, to p1 is a diffeomorphism h: E x I -+ E x I such that 
hl rxio: - l~r(o;, h(E x (11) = E x {l;, and if h(x, 1) = (y, l), then pO(x) = p1 (y). 
It should be noted that this nomenclature is not universal in the literature. In particular, 
pseudoisotopies are termed concordances in [S]. One does regret this confusion. 
For E a closed connected manifold of any dimension, homotopic submersions are always 
concordant. 
THEOREM 1.1. Let E be a smooth connected closed manifold, and lef pi: E -+ S’, i = 0, 1, be 
smooth submersions which are homotopic. There exists a concordance c (p,,, p,) : E x I + S’ from 
p. to pL, well-defined up to isotopy. c has the following properties: 
(i) c( pO, po) is isotopic to n( p. x II) where x : S ’ x I -+ S’ is projection. 
(ii) If pi is isotopic to pi, i = 0, 1, then c( pO, pl) is isotopic to c( p& p; ). 
Construction of c(pO, pl): Let Fi = p; 1 (1) and take pull-backs: 
9, 
FiXR~ R 
u, 
I 1 
exP 
E- S’ 
Pi 
where Fi x R is the infinite cyclic cover of E induced by pi and exp. Since po and p1 are 
homotopic, there exists an isomorphism of covering spaces h: F. x R -+ F1 x R which may be 
chosen so that h(F, x (0, ~11))) 2 F1 x [0, CL)). Let T be the generator of the group ofcovering 
transformations of uo:Fo x R -+ E corresponding to + 1 E Z = 7c1 (S’). A smooth map 
7: E --* (0, .z) is defined by 
Y (4 = qo(3 - q,h (3 
for 2 E V; ‘(x). 7 is easily seen to be independent of the choice of 2. The desired concordance is 
given by 
c(po, PA (x9 t) = (pa(x)) ev(-t?(x)) 
Definition. p1 is relaxed with respect to p. if p; 1 (1) may be isotoped so as not to intersect 
p;‘(l), i.e. p;‘(l) np;‘(l) = 0. 
In the next section, given p. and p1 homotopic submersions, a new submersion r(po,pl ), 
called the relaxation of p1 with respect to po, is constructed. A similar relaxation is defined for 
pseudoisotopies. Let F be the fiber of some submersion p: E --f S’. 
Definition. h E 9(E) is relaxed with respect to F x I if (h-’ (F x I)) n (F x I) = 0, after, 
perhaps, an isotopy. 
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3(.M) denotes the group, under composition, of pseudoisotopies on Jf, defined up to 
isotopy, for M a manifold. This may be identified with the group n,(P(.V)) studied by 
Hatcher and Wagoner in [6]. For M compact and connected, of dimension greater than 6, 
~(M)isAbelian[6,lemma l.l].Ifthefirst kinvariantinH3(n,(.M),~2(M))iszero,andif.Mis 
compact and connected then B(M) 2 Wh,(nc,(M))@ Whl(n,(.M); Z2 x x?.(M)). If i-M 
+ 4, we assume h E 9(M) satisfies hi ZMx I = li-HxI. This imposes no restriction. We will 
occasionally make use of an alternate product on B(M) defined, for J g E 3 (M), by: 
for XEM, ~EI, wheref, =flHxtli. This product is easily seen to be isotopic to composition. 
$2. THE RELAXATIONS FOR Yp(E) AND B(E) 
Let E be a compact connected smooth manifold and let po, p1 be homotopic smooth 
submersions from E to the circle. 
2.1. Construction ofr(po, pl), the relaxation of p1 with respect to ~0. 
Let Fi, Ui, qi, T, h and 7 be as defined in Theorem 1.1 above. Let To = Tand Tl = hTh- ’ 
generate the groups of covering transformations of F. x R and F1 x R, respectively, over E. 
Diffeomorphisms pi: Fi -* Fi are defined SO that 
z((.u, t)= (#i(X), t+ 1) 
for (x, C)E Fi x R. We may assume that qi: F x R + R is projection onto the second factor. 
Since E is compact, kEZ may be chosen so that y(E) c (0, k) and so h-’ (F, x {Oj ) E 
Fo x CO, kl. 
Consider the subsets of F. x R 
A,,=Fox[k,~m)-h-l(Flx(k,m)) 
A, = F, x [l, m)-h-‘(F, x (k, XC)) 
A2 = F. x [l, co)-h-‘(F, x (1, cc)) 
as pictured in Fig. 1. 
Define diffeomorphisms ai: Ai + Ai+ I, i = 0, 1, by choosing E > 0 so that F. x [k, k + E] 
E A0 and choosing a diffeomorphism bo: [k, k + E] -+ [ 1, k + E] so that b. (k + E) = k + E 
and setting 
a0(X, t) = 
(x,bo(t)) t 5 k+e 
(X,t) t>k+e 
and, similarly, choosing E’ > 0 so that h-l (F, x [l -E’, 11) G A2 and choosing a dif- 
feomorphism b, : [l - E’, k] + [l - E’, l] so that b, (1 - E’) = 1 - E’, and setting 
Let Ei = Fi x [0, k]/(x, 0) y (4i(~), k) for i = 0, 1. Note that ci: Ei + E defined by 
ci(X, t) = Ui(X, t/k) 
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ml A2 
is a diffeomorphism. A diffeomorphism c El + EO is defined by 
c(x, I) = 
i 
h’ 1 (x, t) h-1(x, f)EFo x [O, k] 
T;‘a,a,h-‘(x, t) h-l (x, f)EAo. 
The desired submersion is now defined by 
r(p,, PI) = Plclc- ‘co l. 
All choices made in the construction are unique up to isotopy, except h and k. A 
straightforward, though lengthy, computation shows that the definition of r(p,, pl) is also 
independent of these, up to isotopy. 
THEOREM 2.2. E is a closed connected smooth manifold. pi: E + S’, i = 0, 1 are homotopic 
smooth submersions. r has the following properties: 
(i) r(p,, pl) is homotopic to pO; 
(4 rQO, PA-’ (1) n PO’ (1) = 0; 
(iii) if pi is isotopic to pi, i = 0, 1, then r(p,, pl) is isotopic to r(pb, pi); 
(iv) if p; ’ (1) n pi 1 (1) = 8, then r (PO, pl) is isotopic to pl; 
(v) r(p,,, pl) is pseudoisotopic to pl. 
Note that (i) follows from (v). The proofs of (ii)- are straightforward. 
Proof of (v): For t E I, consider the subset of F, x R, 
B, = FO x [t, co)-h-‘(F, x (t, clo)). 
An isotopy h, on FO x R may be constructed, similarly 
above, so that 
ho = l~,x~. 
h,(&) = 4. 
to the construction of the map ala0 
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Let B = B, x l/(x, 0) 5 (h; ‘T,(x), 1). A diffeomorphism b: B + E x I is defined by 
b(x, t) = ! L&(x), q,W) - r hu4 - q,Wx) ) 
for (x, t)~ B. x I. Recalling the concordance c(pO, pr) from Theorem 1.1, note that 
B A Exl 
,‘\j =P GPO. Pi 1 
S' 
commutes. 
Next, consider the sets 
for t E I, where q’ 
q' : F. x R 
B; = F, x (4 s;) - (q’)- ’ (t, cc) 
is the composition: 
(IF0 X kJ t-1 (IF, x I,k) 41 
-FOxR -F,xR - F,xR-R 
and the diagram commutes. Choose a smooth family of diffeomorphisms 
E.,:h(F~xCr,cc))-(F,x(r,T)))--th(Fg~Cr,~))-(1~,~k)(F~~(r,~)) 
isotopic to the identity on FI x R, so that i., is the identity on h (F. x { t}) and is multiplication 
by IF, x k on Fr x {f}. Next choose 
Q:F,, x [t, co)-S(F, x (kc, 30)) -+ F. x [t, cc) - (IF, x l/k)c’(F, x (tk, co)) 
isotopic to the identity so that qt is the identity on F. x {t} and is multiplication by (lF, x l/k) 
on c‘(F, x {rkj). 
Define 
g,:B,+ B; by 
A smooth family of diffeomorphisms y : Bb + B; is defined by hi = g$qgO ‘. Let I?’ be defined 
by B’ = & x I/(x, 0) - ((hi)-’ 7’,‘,(x), 1). A diffeomorphism b’:B’ + E x I is defined as b is 
above so that 
b’ 
B’ + Exl 
commutes. go x 1,: B. x I ---f Bb x I induces a diffeomorphism g: B -+ B’ so that 
Exl+- B’c B--t Exl 
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commutes, up to isotopy. The composition bg- ’ (b’)- ’ gives the desired pseudoisotopy from 
Pl to ‘(POT PI). 
If a submersion p: E + S’ is fixed and we restrict our attention to the set .Y’p(E) of 
submersions homotopic to p, defined up to isotopy, parts (i)-(iv) of Theorem 2.2 show that a 
retraction r : Yp(E) + $99~ (E) may be defined by r(p’) = r(p, p’), where BYp(E) denotes the 
subset of relaxed submersions, when E is closed and connected. Part (v) of the theorem gives a 
canonical pseudoisotopy from p’ to its relaxation r(p’). 
A similar relaxation may be defined for pseudoisotopies, defining a retraction 
I: P(E) + 3?PFx,(E), the subset of pseudoisotopies relaxed with respect to F x I. The de- 
tails of this construction, which is quite similar to 2.1 above, will be omitted. Using the alter- 
nate product * defined in 5 1, it is easy to see that this retraction is a homomorphism. A map 
$: P(E) + Yp(E) is defined by $(/I) = phi, where hi = hlE,(,;. 
THEOREM 2.3. E is a compact connected manifold. r has the following properties: 
(i) r(f)-’ (F x I) n (F x I) = 0; 
(ii) if f’ is isotopic tof. then r(f’) is isotopic to r(f); 
(iii) if f-‘(F x I) n (F x I) = 0, then r(f) is isotopic tof; 
(iv) the diagram 
commutes; 
(v) r is a homomorphism. 
The proofs of (i)-(iii) are quite similar to the proofs of Theorem 2.2, (iib(iv). Parts (iv) and (v) 
are simple cases of the definitions involved. 
The next section is devoted to developing exact sequences around the sets gyp(E) and 
29,,,(E). 
$3. EXACT SEQUENCES 
We next prove the exactness of the sequence 
l-4, l-4, 
g(F) -+ 9’(F) 2 BYp(E) !+ Wh,(n,(F)) 4 Wh,(n,(F)) 
in the category of pointed sets. p is a fixed smooth submersion of E, closed and connected, to 
the circle with fiber F and glueing map 4. The dimension of F is at least five, so Wh, (x,(F)) is 
the group of invertible cobordisms on F. 
For h E 9’(F), (1 - 4,) (h) is defined by 
(1-4,)(h) = h(4-’ x l,)h-‘(4 x 1,). 
The map r: P(F) -+ a.P’p(E) is defined by the composition 
h II .=P 
r(h): E -Fxl -+ FxI + I + S’ 
C”1 open 
along F 
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where rc is projection. For P’E J2Yp(E), let F’ be the fiber of p’. /?(p’) is the Whitehead torsion 
of the cobordism Fx{O,so)-h-‘(F’x(O,x;)) on Fx{Oj for h:FxR-,F’xR as is 
Theorem 1.1 above. Alternatively, jI(p’) may be pictured as the cobordism between F and F’, 
after isotoping F’ so as not to intersect F, as pictured in Fig. 2. 
Note that the first definition is valid for any P’E Yp(E) and, in fact, the diagram 
commutes. The map 1 - 4, : Whl (xl (F)) + Wh,(n,(F)) is defined for TE Wh,(n,(F)) so 
that T = s(W, F) for some invertible cobordism (W; F, F’). Imbed (IV, F) in (F x [O, l), 
F x (0) ) c (F x R, F x (01). Consider W - ’ = F x [0, l] - W, the inverse of W. Then define 
(-4,)r(W, F) = r(T(W -I). T(F’)) w h ere T is the generator of the group of covering 
transformations of F x R over E, corresponding to + 1 E Z = rt,(S’). Thus (1 - Q,)r 
=r(T(W-‘)u,W,T(F’)). 
THEOREM 3.1. E is a closed connected manifold of dimension greater than six. p : E 4 S’ is a 
smooth submersion with fiber F and glueing map 4. Then 
l-4. l-4. 
9(F) + 9’(F) : WYp(E) 1: Whl (x1 (F)) + Whl (n, (F)) 
is exact in the category of pointed sets. 
Proof: The image of z inherits a product structure from the product * on 9(F), and so 
z(l-~*)(h)=r(h*(~-lxl,)h-l(~xI,)) 
= u(h)*4($-’ x l,)h-‘(4 x 1,)) 
=r(h)*z(h-‘(4x 1,)) 
which is isotopic to a(h) * r(h-‘) = r(l,,,) = p. Thus 
i-4, 2 
+ + is trivial. 
If hEP(F) such that rx(h) is isotopic to p by an isotopy h,, then h, induces a 
diffeomorphism hi on F x I. h is not necessarily isotopic to hi, but is isotopic to (a x l,)h; for 
E 
FxI 
c 
Fig. 2. 
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some diffeomorphism a on F. h, induces a smooth family of maps h; : F x I -+ E, which may be 
lifted to the infinite cyclic cover, giving a smooth family H,: F x 1 -+ F x R such that 
FxR 
commutes. Note that HI must be Vi, after, perhaps, a shift in the R-direction; i.e. HI(x, s) 
= (J, I) where (a-’ x l,)h(x. s) = (4-“(y), t-n) for some nEZ. By the isotopy extension 
theorem, H, extends to an isotopy to the identity, which will be termed HI, on F x R with 
compact support. Let m E Z such that Hi is the identity on (F x R) - (F x (- m, m)). Hi may be 
considered as an isotopy on F x E-m, m]. 
Consider the restriction H’, IF x [_mol : F x [ - m, 0] -, F x C-m, n]. This defines a 
pseudoisotopy after identifying [ - m, 0] and C-m, n] with the unit interval I. We denote this 
pseudoisotopy byf. Note thatf (x, 1) = Hi (x, 0) = (y, t) where (a- ’ x 1,)h (x, 0) = (a- ’ (x), 0) 
= (#-“(y), t-n)so f IFxtlj = @a-'. Similarly,consider therestriction HiI,.C,,,l: F x [l, m] 
+ F x [n + 1, m] and the induced diffeomorphism g on F x I. As above glFx co1 = @a-‘hi 
where hi = fret ;l;. Thus g’ = ((f,h,)-' x 1,)g defines a pseudoisotopy on F. HIIF~c_,,,_I, 
after reparameterizing, gives an isotopy of the product f * h * g' to the identity. 
By the commutativity of the diagram 
FxR 
H, //I ” 
Fxl-E 
T- ‘f&T IF x (0: = H; IF x (0;. A new isotopy on F x R may be defined by 
Ft(x, 4 = 
HI (x, 4 s-co 
T-‘H;T(x,s) ~2.0. 
F, is the identity outside F x [ - m, m] and gives an isotopy off* (4-i x 1,)g’ (4 x 1,) to the 
identity on F x I. Thus h is isotopic to (1 - 4,) f - ' and so 
t-4. = 
+ . + is exact. 
IfhE9(F),pz(k)istrivialsincea(h)-’(1) = F.Ifp’~2.9’~(E),withp(p’)trivial,thenp’ 
may be isotoped so that (p’)- ‘(1) = F. Cutting E open along F, p’ induces a submersion 
$ : F x I --t 1. Since I is contractible, there exists an isomorphism h, unique up to isotopy, such 
that 
h 
Fxl + Fxl 
P’ 
\/ 
n 
I 
B 
commutes, where IC is the projection map. Thus h E 3(F) is produced with r(h) = p’, so :. + 
is exact. 
For P’E gyp(E), the cobordism (I - ~#~,)fl(p') is trivial, since it is the same cobordism as 
that obtained by cutting E open along (p')- ‘(1) in Fig. 3. 
Ifs(W,F)Eker(l_4,),then (T(W-i)u,W;T(F’),F’)isdiffeomorphictoF’xI,where 
F’ is a codimension one submanifold of F x R homotopy equivalent to F. Note that 
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(I- ~,)p(p’) 
‘(p’l-’ (I) 
Fig. 3. 
{ (T(W -1) u,W)/x - T(x) for x E F’) is diffeomorphic to E. Thus the composition 
p’:E -+ T(W-L)uI.Wz F’xZ : Z ‘2 S’ 
Cllt open 
along F 
defines a relaxed submersion, with p(p’) = r ( W, F ). 
The subgroup 29’,.,(E) fits into a similar exact sequence, in the category of Abelian 
groups if the dimension of E is greater than six. 
THEOREM 3.2. E is a closed connected smooth manifold of dimension greater than six. 
p: E + S’ is a smooth submersion, with fiber F and glueing map 4. The sequence 
1-h 
9’(FxZ) -+ ‘z* Whl (PI) 
is exact in the category of Abelian groups. 
The map i: B(F x I) + 9(F x I) is defined for h E 9(F x I) by first isotoping h so that 
hl Fx(l;x/ - - 1~x~,~x~fori=0,1,andthenglueingFx{O}xItoFx{1)x1by~toformExI. 
Forf E %?9)fx, (E), jcf) is the torsion of the cobordism on F x I formed between F x I and 
f-r (F x I). Equivalently j(f) may be defined as j(f) =f~ 3(F x R) z Whl (xl (F)). The 
details of the proof closely parallel those of Theorem 3.1 above. 
It should be noted that Siebenmann gave an almost exact version of this sequence, with 
P(E) in place of 2PFX,(E), in a brief note in [12]. 
$4. COMiMUTATIVE DIAGRAIMS; THE OBSTRUCTION THEOREiM 
Define a map d:B(F x I)+ 9(F) by d(h) = hlFXlxjll where h is assumed to satisfy 
hlFxti:xr = IF~~~;~J, i = 0, 1. Note that any element of P(F x I) may, after an isotopy, be 
expressed in this form. For 5~ Whl(n,(F)), represent r as the torsion of an invertible 
cobordism W on F x I. Define d(r) = ds( W, F x I) = r(3 W- (F x I), F x (0) ) as pictured 
below: 
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FxI Union = dW - (FxI) 
Fig. 4 
THEOREM 4.1. For E a closed connected manifold of dimension greater than six, the 
following commutes and the rows are exact. 
1-h 
b(FxI) --. P(FxI) 
The proof is trivial. 
dr( W, F 
L l-4. 
+ 29)~x,(E) L Wh,(qV’)) + @‘h(nr,(F)) 
/ 
“L d d I 
29)(E) --+ Wh,bc,(O) ‘z* Wh,(x,(F)) 
XI)=@(W)-(FxI),Fx{O}) 
=~(u;,Fxl)-(-l)“i(W,Fxl) 
sod(x)=x+(-I)“-‘% 
In [6], Hatcher and Wagoner define an involution 
f= u; l x UYf’r 
where ‘/ : A4 x I ---* A4 x I is defined by 
y(x,t)=(x,l-t). 
Define d: 9(M) + 9’(M) by d(f) = fo (f)-‘. 
on 9(M) by 
THEOREM 4.2. If E is a closed connected manifold of dimension greater than six, the diagram 
l-4. l-4. 
P(FxI) + 9(F x I) : &‘9’~.x,(E) L Whl(nl(F)) + Wh,(nr,(F)) 
d 
! 
d 
l-4. 1-h 1 
9(FxI) ---t 9(F x I) + + Wh,(x,(F)) 
commutes, and its rows are exact in the category of Abelian groups. 
Using the product *, the proof is clear. 
The proof of Lemma 5.3 [6, Part II] may be adapted to show that for fE P(F x Z),jis 
isotopic to (f; ’ x lI)f. If the first k-invariant in H3 (nl (F), 7c2 (F)) vanishes, then there is an 
PSEUDOISOTOPIES AND SUBMERSIONS OF A MANIFOLD TO THE CIRCLE 77 
isomorphism 
C+O:B(FxI)+ Wh,(n,(F))OWh,(Ic,(F); Z2XrtI(F)) 
which satisfies (C + 0) (f;’ x 1,) = (C + 0) (f;‘). Thus, if the k-invariant condition is 
fulfilled, we may identify 9 (F x I) and 9’(F) and the maps d of Theorems 4.1 and 4.2. Also, 
(Z + 0) (f) = (- l)“(z + 0) (f), so with respect to the Hatcher-Wagoner structure, d on 
Y(F x I) may be written as d(x) = x + (- l)“-‘X. Note that the maps d are differentials. 
The obstruction theorem follows immediately from Theorems 2.2 and 3.1. Let h,. denote 
the pseudoisotopy constructed in Theorem 2.2 from p’ to its relaxation r(p). 
THEOREM 4.3. Let E be a closed connected smooth manifold of dimension greater than six. 
Fix a smooth submersion p : E + S’ withfiber F and glueing map &J. Let p’ E 9’p(E). p’ is isotopic 
to p iff 
(i) h,, is isotopic to the identity on E x I; 
(ii) fi(p’) is rrivial. 
If these two conditions are met, then p’ = r(g)for some g E 9(F). 
(iii) g = 0 in 9 (F )/Image (1 - 4,). 
Proof. If p’ is isotopic to p, then r(p’) is isotopic to p’ and h,. is isotopic to Id,.,. Further, 
/3(p’) is trivial, and if g E 3 (F) so that a(g) = p’ = p, then, by the exactness of the sequence of 
Theorem 3.1, g E Image (1 - 4,). 
If h,, is isotopic to lax,, then p’ is relaxed. If p(p’) is trivial, then p’ = r(g) for some 
geP(F). If g = (1 -+,)f forfEp(F), then p’= z(g) = ~(1 -4,)(f) is isotopic to p. 
The analogy with Farrell’s obstructions of [3] is clear when it is recalled that his first 
obstruction, denoted c(J), lies in the group C(Z[n, (F)], 4,) which is split as the direct sum 
of C(Z[zi (F)], c$*), the kernel of Siebenmann’s relaxation, and RO(zl (F)), and considering 
the exact sequence 
from [l 11. This exact sequence is, in fact, a continuation of the sequence of Theorem 3.2. Thus 
Farrell’s first obstruction combines analogies of our first and second. Farrell’s second 
obstruction is an exact counterpart of our third. 
One would like to find a parallel to the single Whitehead obstruction of [4], which would 
also provide a result similar to [l, Proposition 2.11, thus giving the obstruction to 
pseudoisotoping p’ to p. 
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